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2@� &RRUGLQDWLRQ RI 3] DV D XQLGHQWDWH OLJDQG E\ GRQDWLQJ D

ORQH SDLU RI HOHFWURQ IURP QLWURJHQ LV VKRZQ E\ DQ DEVRUSWLRQ SHDN EHWZHHQ �−�� µ� 0HFKDQLVP

IRU WKH WKHUPDO GHFRPSRVLWLRQ RI WKH FRPSOH[HV KDV EHHQ JLYHQ� 7KH IRUPDWLRQ RI WXQJVWHQ PHWDO

DV UHVLGXH LQ FDVH RI ,, KDV EHHQ FRQILUPHG E\ ;5' DQDO\VLV� 7KH NLQHWLF DQG WKHUPRG\QDPLF SD�

UDPHWHUV OLNH DFWLYDWLRQ HQHUJ\ �(
D
�� SUH�H[SRQHQWLDO IDFWRU �$� DQG HQWURS\ RI DFWLYDWLRQ �∆6��

ZHUH FDOFXODWHG HPSOR\LQJ GLIIHUHQW LQWHJUDO PHWKRGV RI 'R\OH� &RDWV DQG 5HGIHUQ DQG $UUKHQLXV�

∆+ IRU HDFK VWDJH RI GHFRPSRVLWLRQ ZDV REWDLQHG IURP '6&�

.H\ZRUGV� PHWDO���K\GUR[\TXLQROLQH FRPSOH[HV� SKRWRVXEVWLWXWLRQ RI S\UD]LQH� RFWDF\DQRPHW�
DOODWHV� WKHUPDO GLVVRFLDWLRQ

,QWURGXFWLRQ

3\UD]LQH �3]� LV NQRZQ WR IRUP D YDULHW\ RI FRPSOH[HV ZLWK GLIIHUHQW WUDQVLWLRQ
PHWDOV LQ ZKLFK LW DFWV DV EULGJLQJ OLJDQG >�@� FKHODWLQJ OLJDQG >�@ DQG DOVR ELGHQWDWH
OLJDQG >�@� 7KH NLQHWLFV DQG WKHUPRG\QDPLF SURSHUWLHV RI GLIIHUHQW WUDQVLWLRQ PHWDOV
FRQWDLQLQJ S\UD]LQH DQG VXEVWLWXWHG 3] KDYH EHHQ VWXGLHG EHFDXVH RI SRVVLEOH IRUPD�
WLRQ RI LQRUJDQLF SRO\PHUV� WKHLU DYDLODELOLW\ DQG WKHLU WKHUPDO VWDELOLWLHV >�−�@� 7KH
WKHUPDO VWXG\ RI 3] FRPSRXQGV ZLWK ILUVW URZ WUDQVLWLRQ HOHPHQWV KDV EHHQ UHSRUWHG
LQ ZKLFK WKH VSHFWUDO DQG RWKHU FKDUDFWHUL]DWLRQ PHWKRGV KDYH EHHQ HPSOR\HG WR LQ�
WHUSUHW WKH W\SH RI FRRUGLQDWLRQ ZKLFK WDNHV SODFH ZLWK WKH PHWDO LRQ >�−�@�

7KH RWKHU DVSHFW RI WKH FXUUHQW VWXG\ LV WKH NQRZOHGJH RI TXLQRQHV� WKH K\GUR[\
TXLQRQHV DQG WKHLU FRRUGLQDWLRQ FRPSRXQGV ZKLFK DUH NQRZQ WR SRVVHVV QXPHURXV
FKHPLFDOO\ DQG ELRORJLFDOO\ VLJQLILFDQW SURSHUWLHV >�−��@� 7KHUPDO LQYHVWLJDWLRQ RQ
WKH FKHODWH FRPSOH[HV RI K\GUR[\�TXLQROLQHV ZLWK ELYDOHQW PHWDOV KDYH EHHQ UH�
SRUWHG >��@� 7KH WKHUPDO EHKDYLRXU RI SKRWRSURGXFWV RI PRO\EGHQXP�,9 DQG 9� DQG
WXQJVWHQ�,9 DQG 9� ZLWK R[LQH KDV EHHQ UHSRUWHG >��−��@� 7KH WKHUPDO DQG NLQHWLF
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VWXG\ RI SKRWRVXEVWLWXWHG RFWDF\DQRPHWDOODWHV RI PRO\EGHQXP�,9� DQG WXQJ�
VWHQ�,9� ZLWK GLIIHUHQW OLJDQGV OLNH HWK\OHQHGLDPLQH� WULHWK\OHQHWHWUDPLQH DQG ������
EHQ]RWULD]ROH IRUPLQJ DGGXFWV ZLWK ��K\GUR[\TXLQROLQH KDYH EHHQ UHSRUWHG
>��−��@�

.HHSLQJ LQ YLHZ WKH LQWHUHVWLQJ DQG SHFXOLDU ELQGLQJ RI S\UD]LQH DQG ��K\�
GUR[\TXLQROLQH� WKH WLWOH VWXG\ ZDV XQGHUWDNHQ WR LQYHVWLJDWH WKH WKHUPDO EHKDYLRXU
DQG PRGH RI FRRUGLQDWLRQ RI SKRWRVXEVWLWXWHG 3] RQ FRPSOH[DWLRQ ZLWK D FKHODWLQJ
DJHQW� ��K\GUR[\TXLQROLQH� 7KH FRPSOH[HV KDYH EHHQ FKDUDFWHUL]HG E\ ,5 DQG WKHU�
PDO DQDO\VLV� 0HFKDQLVP IRU WKHUPDO GHFRPSRVLWLRQ RI FRPSOH[HV KDV EHHQ JLYHQ�
7KHUPRG\QDPLF SDUDPHWHUV OLNH DFWLYDWLRQ HQHUJ\ �(D�� SUH�H[SRQHQWLDO IDFWRU �$�
DQG HQWURS\ RI DFWLYDWLRQ �∆6�� KDYH EHHQ FDOFXODWHG�

([SHULPHQWDO

0DWHULDOV DQG PHWKRGV

3RWDVVLXP RFWDF\DQRPRO\EGDWH�,9� DQG �WXQJVWDWH�,9� ZHUH SUHSDUHG E\ WKH
PHWKRG RI /HLSROGW HW DO� >��@� 3] ZDV RI $5 JUDGH SURYLGHG E\ 6LJPD &KHPLFDO
&RPSDQ\� 7KH VROXWLRQ RI ��K\GUR[\TXLQROLQH ZDV SUHSDUHG E\ GLVVROYLQJ ��� J RI
$5 R[LQH LQ ��� PO RI ��� 0 DFHWLF DFLG� DPPRQLD ZDV DGGHG GURSZLVH WR QHXWUDOLVH
WKH DFLG� 7KH WXUELGLW\ SURGXFHG LQ WKH VROXWLRQ ZDV UHPRYHG E\ DGGLQJ RQH GURS RI
DFHWLF DFLG >��@�

6\QWKHVLV RI FRPSOH[HV

7KH FRPSOH[HV ZHUH V\QWKHVL]HG E\ LUUDGLDWLQJ .�>0�&1��@ >ZKHUH 0 0R�,9�
RU :�,9�@ DQG 3] VROXWLRQV RI ��� 0 VWUHQJWK LQ ��� UDWLR XQGHU 89 OLJKW� WLOO WKH
FRORU RI WKH VROXWLRQ FKDQJHG WR GHHS UHG� ,UUDGLDWLRQ ZDV VWRSSHG DW WKDW VWDJH DQG
VROXWLRQ RI ��K\GUR[\TXLQROLQH ZDV DGGHG WLOO JUHHQLVK SUHFLSLWDWH LQ ERWK WKH FDVHV
ZHUH REWDLQHG� 7KH SUHFLSLWDWHV ZHUH ZDVKHG ZLWK ZDWHU DQG HWKDQRO DQG GULHG RYHU
IXVHG &D&O�� 7KH FRPSOH[HV ZHUH DQDO\VHG IRU &� +� 1 DQG PHWDO� 7KH IRUPXOD IRU
PRO\EGHQXP FRPSOH[ ZDV IRXQG WR EH

0R�&1���2+���&�+�1����&�+�21� , IRU ZKLFK WKH REVHUYHG SHUFHQWDJH RI &�
+� 1 DQG 0R LV ����� ���� ���� DQG ���� YV� FDOFXODWHG ����� ���� ���� DQG ����� 7KH
IRUPXOD IRU WXQJVWHQ DQDORJ LV :�&1���2+���&�+�1����&�+�21�⋅��� +�2 ,,� 7KH
REVHUYHG SHUFHQWDJH RI &� +� 1 DQG : LV ����� ���� ���� DQG ���� YV� FDOFXODWHG YDO�
XHV ����� ���� ���� DQG �����

3K\VLFDO PHDVXUHPHQWV

'HWHUPLQDWLRQ RI FDUERQ� K\GURJHQ DQG QLWURJHQ ZDV FDUULHG RXW E\ PLFUR DQD�
O\WLFDO PHWKRGV� ,5 VSHFWUD RI WKH FRPSOH[HV ZHUH UHFRUGHG RQ 3HUNLQ (OPHU
���� )RXULHU WUDQVIRUP VSHFWURSKRWRPHWHU LQ WKH UDQJH RI ����−��� FP−� XVLQJ
.%U GLVFV WHFKQLTXH� 7KH 7* ZDV FRQGXFWHG RQ 'X3RQW ���� WKHUPDO DQDO\VHU� '6&
ZDV DOVR FDUULHG RQ 'X3RQW ���� 7$ V\VWHP ZLWK D GLIIHUHQWLDO VFDQQLQJ FDORULPHWHU�
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7KH VFDQQLQJ ZDV GRQH DW D UDWH RI ��R& PLQ
−�� $Q DOXPLQLXP SDQ ZDV XVHG DV UHI�

HUHQFH XQGHU G\QDPLF QLWURJHQ DWPRVSKHUH� 7KH LQVWUXPHQW FDOLEUDWLRQ ZDV FKHFNHG
E\ WKH VDPSOHV RI LQGLXP �������� SXULW\� ;5' ZDV GRQH DW DQ DPELHQW WHPSHUDWXUH
RQ D 3KLOLSV�+ROODQG ;5' XQLW 0RGHO 1R� 3K ������� XVLQJ &X.α UDGLDWLRQ
�λ ������  � DW D VFDQQLQJ VSHHG RI �R PLQ−��

7DEOH � )7,5 VSHFWUDO IUHTXHQFLHV ZLWK WKHLU DVVLJPHQWV IRU >0R�&1���2+���&�
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)UHTXHQF\�FP
±�

&RPSOH[ ,
$VVLJQPHQW

)UHTXHQF\�FP
±�

&RPSOH[ ,,
$VVLJQPHQW

�����V� ν(2+) �����V� ν(2+)

�����V� ν(2+)

�����V� ν(2+) �����V� ν(1−+)

�����V� ν(1−+) �����V� ν(&≡1)

�����V� ν(&≡1) �����V� ν(&≡1)

�����V� ν(=1−+) �����V� δ(1+�)

(+−2−+) EHQGLQJ

�����V� νV\P(&=2) �����V� ν(=1−+)

(+−2−+) EHQGLQJ
�����V� ν(−1=1−) �����V� ν(1=+) EHQGLQJ RU

ν(&−1)

�����YV� νV\P(&−2) �����V� ν(1=2) RU ULQJ YLE�

�����YV� ν(1−2) GXH WR 3] �����V� νV\P(&=2)

�����V� ν(1=2) �����V� ν(−1=1−)

�����V� DV\P� U LQJ YLEUDWLRQ �����V� νV\P(&−2)

�����YV� ν(&−2) RI R[LQH RU 3] �����V� ν(−&−1) RU

ν(−1=2) GXH WR3]

����YV� YLEUDWLRQGXHWR 3] �����P� ν(−1=2)

����P� ν(1−2) �����P� ν(0−2−+)

����YV� 0R−2 VWUHWFKLQJ �����P� ν(1−2) RI R[LQH

����YV� &−+ ERQG �����P� ν(&−2)

����P� ν(&−2−0R−2) ����P� ν(:=2)

����V� δV\P(&−&−2) ����V� &−+ ERQG

����V� PHWDO−OLJDQG ����P� ν(&−2−:−2)

����P� δV\P(2−&−2)

����P� PHWDO−OLJDQG

ν(0−1)
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5HVXOWV�DQG�GLVFXVVLRQ

7KH SKRWRLQLWLDWHG FRPSOH[DWLRQ DQG NLQHWLFV RI RFWDF\DQRPHWDOODWHV RI PRO\E�
GHQXP�,9� DQG WXQJVWHQ�,9� ZLWK 3] ZKLFK EHKDYHV DV DQ XQLGHQWDWH OLJDQG KDV
EHHQ UHSRUWHG >��@� 7KH VXEVWLWXWHG FRPSOH[HV RI 3] ZLWK ��K\GUR[\TXLQROLQH KDYH
EHHQ V\QWKHVL]HG DQG FKDUDFWHUL]HG E\ ,5 DQG WKHUPDO DQDO\VLV� ,5 DEVRUSWLRQ EDQGV
FRQILUP WKH SUHVHQFH RI FRRUGLQDWLQJ PRLHWLHV E\ YDULRXV FKDUDFWHULVWLF SHDNV DQG
FRQWULEXWHV WRZDUGV XQGHUVWDQGLQJ WKH EHKDYLRXU RI 3] ZLWK WKH PHWDO LQ WKH VROLG
FRPSOH[HV� 7KH SRVLWLRQ DQG WKH DVVLJQPHQW RI ,5 DEVRUSWLRQ SHDNV RI ERWK WKH FRP�
SOH[HV LV VKRZQ LQ 7DEOH �� 7KH VWURQJ DEVRUSWLRQ SHDN DW ���� FP−� LV VKRZQ E\
ERWK WKH FRPSOH[HV GXH WR 2−+ VWUHWFKLQJ YLEUDWLRQ VKRZLQJ WKH SUHVHQFH RI K\�
GUR[\O JURXS� 7KH SUHVHQFH RI WKH FRRUGLQDWHG ZDWHU LQ ,, LV VKRZQ E\ URFNLQJ� WZLVW�
LQJ DQG ZDJJLQJ PRGH RI ZDWHU FRRUGLQDWHG WR PHWDO LQ WKH ORZHU IUHTXHQF\ UHJLRQ
DW ��� DQG ��� FP−�� *HQHUDOO\ DURPDWLF &−+ VWUHWFKLQJ YLEUDWLRQV RFFXU DW ���� WR
���� FP−�� WKLV DURPDWLF &−+ VWUHWFKLQJ EDQGV DW ���� FP−� �YV� DUH IXQG IRU ERWK
WKH FRPSOH[HV� &RPSOH[HV LQ ZKLFK 3] LV ERQGHG WKURXJK RQO\ RQH RI LWV QLWURJHQ
DWRPV� DQ H[WUD DEVRUSWLRQ EDQGV LV IRXQG LQ WKH UHJLRQ EHWZHHQ ����−��� FP−�

>��@� 7KH DSSHDUDQFH RI DEVRUSWLRQ EDQGV GXH WR DURPDWLF ULQJ 3] DUH DW
���� �YV� FP−�� ���� �YV� FP−� LQ WKH FRPSOH[ , DQG DW ���� �V�� ���� �P��
���� �P� FP−� LQ FRPSOH[ ,,� DQG WKH DSSHDUDQFH RI YHU\ VWURQJ DEVRUSWLRQ EDQGV DW
���� ���� FP−� LQ , DQG DW ���� FP−� LQ ,, DWWULEXWHV WRZDUGV PRQRGHQWDWH EHKDYLRXU
RI 3]� 7KH DSSHDUDQFH RI WKH VWURQJ DEVRUSWLRQ SHDNV DW ���� FP

−� �YV� DQG
���� FP−� �YV� LQ , DQG ,, UHVSHFWLYHO\ VKRZV WKH SUHVHQFH RI F\DQLGH DV ν�−&≡1��

7KH F\DQLGH SHDN LQ RFWDF\DQRPRO\EGDWH�,9� LV DW ���� FP−� >��@� WKXV LQ FRP�
SOH[HV , DQG ,, LW LV VKLIWHG WR WKH KLJKHU IUHTXHQF\ E\ �� DQG �� FP−� UHVSHFWLYHO\�
,Q FRPSOH[ ,, DQRWKHU SHDN DW ���� �V� FP−�� LPSOLHV WKH SUHVHQFH RI F\DQR JURXS
ZLWK WKH PRGH 0−&≡1� 7KH FRRUGLQDWLRQ RI WKH ��K\GUR[\TXLQROLQH ZLWK RFWDF\�
DQRPHWDOODWHV RI PRO\EGHQXP�,9� DQG WXQJVWHQ�,9� VKRZV WKH IUHTXHQF\ EDQG DW
���� FP−� �V� DQG ���� FP−� �YV� UHVSHFWLYHO\ GXH WR WKH ν�& 1� VWUHWFKLQJ >��@�
7KLV W\SH RI IUHTXHQF\ LV SUHVHQW LQ FRPSOH[ ,, DW ���� �YV� FP−�� ���� �V� FP−�

ZKLFK LV DWWULEXWHG GXH WR ν�& 1�� )UHH R[LQH H[KLELWV ν�1 2� DW ���� FP−�� EHVLGHV
DEVRUSWLRQ SHDNV GXH WR ν�&−2� DQG ν�1−2�� 7KH DEVRUSWLRQ SHDNV LQ FRPSOH[ , GXH
WR R[LQH DUH DW ���� �V�� ����� ����� ��� �YV� FP−� DVVLJQHG DV νDV\P�& 2�� ν�1 1��
νDV\P�&−2�� ν�±&−2� UHVSHFWLYHO\� LQ FRPSOH[ ,,� WKH DEVRUSWLRQ EDQG GXH WR
ν(±&=2) RI R[LQH LV DW WKH VDPH SRVLWLRQ� WKH EDQGV GXH WR ν�±1 1� XQGHUJR D VKLIW
RI �� FP−� WRZDUGV KLJKHU IUHTXHQF\ DQG WKH EDQG GXH WR νDV\P�&−2� VKRZV D VKLIW
RI �� FP−� WRZDUGV ORZHU IUHTXHQF\ UHJLRQ IURP WKDW RI ,� 7KH UHJLRQ EHWZHHQ
���−��� FP−� LV YHU\ VLJQLILFDQW LQ ZKLFK WKH DEVRUSWLRQ EDQGV GXH WR 0−2 PRGHV
DSSHDU� ,Q FRPSOH[ , WKH DEVRUSWLRQ EDQGV DW ��� �V� FP−� VKRZV PHWDO±OLJDQG ERQG�
��� �V� FP−� GXH WR δV\P�&−&−2�� ��� �V� FP−� GXH WR ν�&−+�� 7KH EDQG DW
��� �YV� FP−� LQ FRPSOH[ , DQG ��� �YV� FP−� LQ FRPSOH[ ,, LV DVVLJQHG WR 0 2
VWUHWFKLQJ� 7KH DEVRUSWLRQ EDQGV GXH WR &−+ DSSHDU DW WKH VDPH SRVLWLRQ RQ ��� �V�
LQ ERWK WKH FRPSOH[HV� ,Q FRPSOH[ ,� RWKHU ORZHU IUHTXHQF\ EDQGV DSSHDU DW ��� �P��
��� �V� DQG ��� �V� DVVLJQHG DV ν�&−2−0R−2�� δV\P�&−&−2� DQG PHWDO±OLJDQG
ZKLOH WKH VDPH DSSHDU LQ ,, DW ��� �P�� ��� �P� DQG ��� �P� UHVSHFWLYHO\�
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7KHUPDO DQDO\VLV
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7KH WKHUPDO DQDO\VLV FXUYHV �7*�'7*� DUH VKRZQ LQ )LJ� �� 7KH WHPSHUDWXUH
UDQJHV DQG SHUFHQWDJH PDVV ORVVHV RI WKH GHFRPSRVLWLRQ DUH JLYHQ LQ 7DEOH �� 7KH

)LJ� � 7KH 7* DQG '7* FXUYHV RI ,

7DEOH � 7KHUPRDQDO\WLFDO GDWD IRU WKH GHFRPSRVLWLRQ RI WKH FRPSOH[HV�
>0R�&1���2+���&�+�1����&�+�21�@ , DQG
>:�&1���2+���&�+�1����&�+�21�⋅���+�2@ ,,

7'7* UDQJH� 7'7* PD[� 0DVV ORVV��
5HPDUNV UHPRYDO RI

R
& REV� FDOF�

&RPSOH[ ,

��±��� ����� ���� ���� � PROHV RI &1

���±��� ����� ��� ��� � PROHV RI 2+

���±��� ����� ���� ���� � PROH RI R[LQH

���±��� ����� ���� ���� � PROHV RI 3]

UHVLGXH LV 0R PHWDO
FDOF���������
REV���������

&RPSOH[ ,,

���±��� ����� ��� ��� ��� PROHV RI +�2

���±��� ����� ���� ����
� PROH RI R[LQH�
� PROH RI 3]

���±��� ����� ��� ��� � PROHV RI 2+

���±��� ����� ���� ���� � PROH RI 3]

���±��� ����� ��� ��� � PROHV RI &1

UHVLGXH : PHWDO
FDOF��������
REV��������
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WKHUPDO GHFRPSRVLWLRQ WDNHV SODFH LQ IRXU VWHSV� 7KH FRPSOH[ LV VWDEOH XSWR ��R&
VKRZLQJ QR ORVV LQ PDVV� FRQILUPLQJ WKH FRPSOH[ WR EH DQK\GURXV DV JHQHUDOO\ XQ�
FRRUGLQDWHG ZDWHU LV UHPRYHG EHORZ ���R&� 7KH WZR PROHV RI F\DQLGH DUH ORVW DW
��−���R&� ZLWK WKH '7* PD[LPXP DW �����R&� 7KH REVHUYHG PDVV ORVV LV ���� FRP�
SDUHG ZLWK FDOFXODWHG ������� 7KLV VWHS LV IROORZHG E\ D VHFRQG GHHS VWHS LQLWLDWLQJ
IURP ���−���R& ZLWK D '7* PD[LPXP RI �����R&� 7KH REVHUYHG PDVV ORVV LV ����
YV� FDOFXODWHG ����� ZKLFK LVGXH WR WKH UHOHDVHRI WZRK\GUR[LGHPRLHWLHV�7KH WZR
VWHSV DUHQRW GLVWLQJXLVKHG IURP 7* GXH WR LPPHGLDWH LQLWLDWLRQ RI VHFRQG VWHS EXW
WKH'7*FXUYHGHPDUFDWHVWKHWZRWU DQVLWLRQVTXLWHFOHDU O\�7KHWKLUG VWHS LQLWLDWHG
IURP ��� XS WR ���R& XQGHUJRLQJ D VLJQLILFDQW PDVV ORVV RI ����� YV� FDOFXODWHG
������ GXH WR WKH UHPRYDO RI D PROHFXOH RI ��K\GUR[\TXLQROLQH �R[LQH�� 7KH '7*
PD[LPXP LV DW �����R&� 7KH FRPSOH[ WKHQ GRHV QRW XQGHUJR DQ\ FKDQJH XSWR ���R&
DIWHU ZKLFK LW VWDUWV LWV IRXUWK GHFRPSRVLWLRQ VWHS ZKLFK FRQWLQXHV XS WR ���R& ZLWK
'7* PD[LPXP RI ������R&� LQYROYLQJ WKH PDVV ORVV RI ����� FRPSDUHG WR FDOFX�
ODWHG ������ GXH WR ORVV RI WZR PROHV RI 3]� 7KH REVHUYHG SHUFHQWDJH RI UHVLGXH LV
����� ZKLFK LV GXH WR 0R PHWDO� WKH FDOFXODWHG SHUFHQWDJH RI ZKLFK LV ������ 7KH
'6& RI WKH FRPSOH[ FDUULHG RXW LQ QLWURJHQ DWPRVSKHUH IURP URRP WHPSHUDWXUH WR
���R& LV VKRZQ LQ )LJ� �� 7KH FXUYH VKRZV IRXU WUDQVLWLRQV� WKUHH H[RWKHUPLF DQG RQH
HQGRWKHUPLF FRUUHVSRQGLQJ WR IRXU PDVV ORVV UDQJHV REVHUYHG LQ 7* FXUYH� 7KH ILUVW
H[RWKHUPLF WUDQVLWLRQ VWDUWV IURP ������ DQG VWRSV DW ������R& ZLWK PD[LPXP RI
������R& JLYLQJ ∆+ YDOXH RI ����� - J−�� 7KH VHFRQG WUDQVLWLRQ VWDUWV IURP �����
DQG FRQWLQXHV XSWR ������ ZLWK PD[LPXP RI ������R& JLYLQJ ∆+ RI ����� - J−��
7KH VHFRQG WUDQVLWLRQ LV IROORZHG E\ WKH VLPLODU W\SH RI WUDQVLWLRQ LQLWLDWLQJ IURP
����� XSWR ����� ZLWK PD[LPXP RI �����R& JLYLQJ ∆+ YDOXH RI ����� - J−�� 7KH ODVW
WUDQVLWLRQ VWDUWV IURP ������ XS WR ����� ZLWK PD[LPXP RI �����R& JLYLQJ ∆+ YDOXH
RI ����� - J−�� 7KH PD[LPXP YDOXH RI ∆+ LV REVHUYHG LQ WKH ODVW WUDQVLWLRQ FRQILUP�
LQJ WKH 7* GHFRPSRVLWLRQ SURFHVVHV RI HYROYLQJ EXON\ JURXS RI WZR PROHV RI 3]�
WKXV VKRZLQJ WKH KLJKHU WKHUPDO VWDELOLW\ DQG JUHDWHU FRRUGLQDWLRQ ZLWK WKH 0R DWRP�
7KH VHTXHQWLDO WKHUPDO GHFRPSRVLWLRQ VWHSV RI 7* DQG '7* DUH VKRZQ LQ 6FKHPH ,�
7KH FDOFXODWHG DQG REVHUYHG YDOXHV DUH UHSUHVHQWHG ZLWK RU ZLWKRXW SDUHQWKHVHV UH�
VSHFWLYHO\�

)LJ� � 7KH '6& FXUYHV RI ,
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7KH 7*�'7* RI WKH WXQJVWHQ DQDORJ LV VKRZQ LQ )LJ� �� 7KH VWRLFKLRPHWU\ RI WKH
FRPSOH[ LV VLPLODU WR WKDW RI WKH 0R�,9� H[FHSW SUHVHQFH RI FRRUGLQDWHG ZDWHU�
ZKLFK LV VKRZQ E\ ,5 DEVRUSWLRQ SHDNV GXH WR URFNLQJ� WZLVWLQJ DQG ZDJLQJ PRGHV
RI ZDWHU EHVLGHV IXQGDPHQWDO YLEUDWLRQV� 7KH ORVV RI ��� PROHV RI FRRUGLQDWHG ZDWHU
VWDUWV IURP ��� DQG FRQWLQXHV XS WR ������ ZLWK '7* PD[LPXP RI �����R&� 7KH
WHPSHUDWXUH UDQJH DQG '7* PD[LPXP MXVWLILHV WKH SUHVHQFH RI ZDWHU DV D FRRUGLQDW�
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)LJ� � 7KH 7* DQG '7* FXUYHV RI ,,

)LJ� � 7KH '6& FXUYHV RI ,,
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LQJ PRLHW\� 7KH REVHUYHG PDVV ORVV LV ���� DV FRPSDUHG WR FDOFXODWHG ������ 7KH
UHVW RI WKH GHFRPSRVLWLRQ WDNHV SODFH LQ IRXU VWHSV VXSSRUWLQJ WKH UHVW RI WKH FRPSOH[
VLPLODU WR WKDW RI WKH 0R�,9�� EXW WKH RUGHU RI WKH UHOHDVH RI WKH PRLHWLHV LV MXVW WKH
UHYHUVH RI WKH RUGHU DV LQ PRO\EGHQXP FDVH� 7KH VHFRQG PDVV ORVV VWHS VWDUWV IURP
����� DQG FRQWLQXHV XS WR ��� ZLWK '7* PD[LPXP RI �����R& LQYROYLQJ WKH ORVV RI
� PROH RI 3] DQG RQH PROH RI R[LQH� 7KH REVHUYHG PDVV ORVV LV ������ YV� FDOFXODWHG
������7KHFRQWLQXLW\ RI ILU VW DQG VHFRQG WUDQVLWLRQ GRHVQRW PDNH WKHGHPDUFDWLRQ
RI WKH WZRVHSDUDWH VWHSV LQ 7* FXUYHVEXW WKH'7* FXUYHVKRZV WKH WU DQVLWLRQV VLJ�
QLILFDQWO\� 7KH QH[W VWDJH RI GHFRPSRVLWLRQ VWDU WV IURP ��� DQG HQGV DW ��� ZLWK
'7* PD[LPXP DW �����R& DQG LV GXH WR WKH UHOHDVH RI WZR PROHV RI K\GUR[\O
JURXSV� 7KH REVHUYHG PDVV ORVV LV ���� DV FRPSDUHG WR FDOFXODWHG ������ 7KLV WUDQ�
VLWLRQ LV IROORZHG E\ WKH ORVV RI RQH PROH RI S\UD]LQH ZKLFK RQVHWV IURP ��� DQG
HQGV DW ��� ZLWK '7* PD[LPXP RI ���R& LQYROYLQJ WKH REVHUYHG PDVV ORVV RI
������ DV FRPSDUHG WR FDOFXODWHG ������ 7KH ODVW PDVV ORVV VWHS VWDUWV IURP ��� DQG
FRQWLQXHV XSWR ��� ZLWK '7* PD[LPXP RI �����R&� WKLV LQYROYHV ORVV RI WZR PROHV
RI F\DQLGH ZLWK REVHUYHG PDVV ORVV RI ���� YV� FDOFXODWHG ������ 7KH FRPSOH[ ZDV
VXEMHFWHG WR WUHDWPHQW XSWR ��� EXW QR FKDQJH ZDV IRXQG DIWHU ���R&� 7KH UHVLGXH
ZDV IRXQG ����� YV� FDOFXODWHG ������ GXH WR PHWDO WXQJVWHQ� 7KH '6& RI WKH FRP�
SOH[ LV VKRZQ LQ )LJ� �� 7KH FXUYH VKRZV WZR H[RWKHUPLF DQG RQH HQGRWKHUPLF WUDQ�
VLWLRQV� 7KH ILUVW WUDQVLWLRQ VWDUWV IURP ������ XS WR ����� ZLWK PD[LPXP DW
������R&� 7KH KHDW RI UHDFWLRQ LQYROYHG LV ����� - J−�� 7KH VHFRQG WUDQVLWLRQ VWDUWV
IURP ������ XSWR ������ ZLWK PD[LPXP DW ������R& LQYROYLQJ ∆+ YDOXH RI
����� - J−�� 7KH WKLUG HQGRWKHUPLF WUDQVLWLRQ VWDUWV IURP ������ XS WR ����� ZLWK
PD[LPXP DW ������R& LQYROYH RYHUODSSLQJ RI RWKHU WUDQVLWLRQV DOVR EHFDXVH RI WKH
VLJQLILFDQW YDOXH RI ∆+ ��� - J−�� 7KH PD[LPXP YDOXH RI HQWKDOS\ REVHUYHG LQ WKLV
VWDJH MXVWLILHV WKH KLJKHU VWDELOLW\ DQG JUHDWHU FRRUGLQDWLRQ RI FRUUHVSRQGLQJ PRLH�
WLHV ZLWK WKH FHQWUDO : DWRP� 7KH WKHUPDO GHFRPSRVLWLRQ VWHSV LQYROYHG DUH VKRZQ
LQ 6FKHPH ,,� 7KH FDOFXODWHG DQG REVHUYHG PDVV ORVV LV UHSUHVHQWHG ZLWK DQG ZLWKRXW
SDUHQWKHVHV UHVSHFWLYHO\�

6FKHPH ,,�

;5' DQDO\VLV

7KH LQWHUSODQDU µG¶ VSDFLQJV RI WKH UHVLGXH RI ,, ZHUH GHWHUPLQHG DQG IRXQG WR EH
LQ DFFRUGDQFH ZLWK WKH UHSRUWHG GDWD IRU WKH : PHWDO�
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0R FRPSOH[ , ORVHV &1 LQ WKH ILUVW VWHS ZKHUHDV LQ WXQJVWHQ DQDORJ ,,� &1 LV ORVW
LQ WKH ILQDO VWHS VKRZLQJ WKDW LQ ,, F\DQLGH LV VWURQJO\ FRRUGLQDWHG� KHQFH UHPRYHG DW
D KLJKHU WHPSHUDWXUH� 7KH VWURQJHU FRRUGLQDWLRQ FDQ EH DV D UHVXOW RI HIIHFWLYH RUELWDO
PL[LQJ RI PHWDO DQG OLJDQG ZKLFK LV LQIOXHQFHG E\ WZR IDFWRUV ��� WKH UDGLDO H[WHQ�
VLRQ RI WKH PHWDO G RUELWDOV DQG ��� HQHUJ\ GLIIHUHQFH� ∆(� EHWZHHQ WKH PHWDO RUELWDOV
DQG OLJDQG �π∗� RUELWDOV� *UHDWHU LQWHUDFWLRQ LV H[SHFWHG IRU WKH RUELWDOV ZKLFK DUH
FORVH LQ HQHUJ\� 7KH DELOLW\ IRU PHWDO±OLJDQG RUELWDO LQWHUDFWLRQ LV HQKDQFHG LI WKH
PHWDO G RUELWDOV H[WHQG IDU LQWR VSDFH� HQDEOLQJ HIIHFWLYH RYHUODS ZLWK π∗ �&1±� RUEL�
WDOV RI WKH OLJDQG >��@� 6LQFH �G RUELWDOV DUH PRUH FORVH LQ HQHUJ\ WKDQ �G RUELWDOV�
KHQFH ZLOO H[WHQG PRUH RYHUODSSLQJ ZLWK π∗ RUELWDOV RI OLJDQG� 0RUHRYHU WKH YDOXH

2EVHUYHG $670 )LOH :������

G� ,�� G� ,��

����� ��� ����� ���

����� �� ����� ��

����� �� ����� ��

)LJ� � 3ORW RI −ORJρ7�Z YV� ��7⋅��� . RI , �$� � 3ORW RI −ORJN YV� ��7⋅��� . RI , �%�� 3ORW RI
−ORJ>−OQ��−α�@�7�

YV� ��7⋅��� . RI , �&�
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RI WKH ��'T LQFUHDVHV ZKHQ JRLQJ IURP ILUVW WR VHFRQG WUDQVLWLRQ VHULHV >��@� 7KHVH
FRQVLGHUDWLRQV VKRZ WKDW �G RUELWDOV KDYH JUHDWHU DELOLW\ WR IRUP VWURQJ ERQG EH�
WZHHQ PHWDO DQG F\DQLGH WKDQ �G RUELWDOV�

.LQHWLF SDUDPHWHUV

7KUHH GLIIHUHQW PHWKRGV ZHUH HPSOR\HG IRU HYDOXDWLRQ RI NLQHWLF GDWD IURP WKHVH
UHVXOWV� 7KHUPRG\QDPLF SDUDPHWHUV OLNH DFWLYDWLRQ HQHUJ\ �(D�� SUH�H[SRQHQWLDO IDF�
WRU �$� DQG HQWURS\ RI DFWLYDWLRQ �∆6�� IRU GLIIHUHQW GHFRPSRVLWLRQ VWHSV IRU FRP�
SOH[HV , DQG ,, DUH WDEXODWHG LQ 7DEOHV � DQG � UHVSHFWLYHO\� 8VLQJ 'R\OH¶V >��� ��@
PHWKRG PRGLILHG E\ 5HLFK DQG 6WLYDOH� UHGXFWLRQ HTXDWLRQ IRU GHJUDGDWLRQ HTXDWLRQ
FRPHV WR EH�

)LJ� � 3ORW RI −ORJρ7�Z YV� ��7⋅��� . RI ,, �$�� 3ORW RI −ORJN YV� ��7⋅��� . RI ,, �%�� 3ORW RI
−ORJ>−OQ��−α�@�7 �

YV� ��7⋅��� . RI ,, �&�

��� $/,� 0$-,'� 3<5$=,1( &203/(;(6

-� 7KHUP� $QDO� &DO�� ��� ����



7DEOH � $FWLYDWLRQ HQHUJ\� IUHTXHQF\ IDFWRU DQG HQWURS\ RI DFWLYDWLRQ IRU
>:�&1���2+���&�+�1����&�+�21�⋅���+�2@ ,,

6WDJH 3DUDPHWHUV 7'7* PD[�. 'R\OH
&RDWV DQG

5HGIHUQ
$UUKHQLXV

, (D��N- PRO
±�
� ���� ���� ����

$�V
±�
� ����� ��� ��� ���

∆6��- N±� PRO
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� ±����� ±����� ±�����

,, (D�N- PRO
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$�V
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∆6��- N±� PRO
±�
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$�V
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∆6��- N±� PRO
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,9 (D�N- PRO
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$�V
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$�V
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∆6��- N±� PRO
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7DEOH � $FWLYDWLRQ HQHUJ\� IUHTXHQF\ IDFWRU DQG HQWURS\ RI DFWLYDWLRQ IRU
>0R�&1���2+���&�+�1����&�+�21�@ ,

6WDJH 3DUDPHWHUV 7'7* PD[�. 'R\OH
&RDWV DQG

5HGIHUQ
$UUKHQLXV

, (D��N- PRO
±�
� ����� ����� �����

$�V
±�
� ����� ���� ��� ����

∆6��- N±� PRO
±�
� ±����� ±����� ±�����

,, (D�N- PRO
±�

���� ���� ����

$�V
±�
� ����� ��� ��� ����

∆6��- N±� PRO
±�
� ±����� ±����� ±�����

,,, (D�N- PRO
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$�V
±�
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∆6��- N±� PRO
±�
� ±����� ±����� ±�����
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$�V
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∆6��- N±� PRO
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ZKHUH ρ7=W�(5+)= −GZ�GW DQG (5+)=KHDWLQJ UDWH

2Q SORWWLQJ ORJρ7�Z YV� ��7� WKH YDOXH RI (D LV REWDLQHG IURP WKH VORSH RI WKH SORW XV�
LQJ WKH UHODWLRQ (D −���[ VORSH� 7KH DFWLYDWLRQ HQHUJLHV RI , IRU IRXU GHFRPSRVLWLRQ
VWHSV DUH ����� ���� ���� ��� NFDO PRO−� DQG IRU ILYH VWHSV RI ,, DUH ����� ����� ����� ���
DQG ��� NFDO PRO−�� 7KH SUH�H[SRQHQWLDO IDFWRU �$� LV REWDLQHG IURP WKH LQWHUFHSW RI
WKH SORW DQG HQWURS\ RI DFWLYDWLRQ �∆6�� IURP D JHQHUDO HTXDWLRQ�

$ =
N7V

K
H[S

∆6�

5
�$�

ZKHUH N LV WKH %ROW]PDQQ FRQVWDQW� K LV WKH 3ODQFNV FRQVWDQW DQG 7V LV WKH SHDN WHP�
SHUDWXUH� 8VLQJ &RDWV DQG 5HGIHUQV >��@ PHWKRG� WKH SORW RI ORJ>−OQ��−α�@7 �

YV� ��7
UHVXOWV LQ D VWUDLJKW OLQH IRU D ILUVW RUGHU UHDFWLRQ ZLWK WKH VORSH (D������5� 7KH YDOXH
RI $ LV REWDLQHG IURP WKH LQWHUFHSW RI WKH SORW DQG HQWURS\ RI DFWLYDWLRQ �∆6�� IURP
WKH JHQHUDO HTXDWLRQ �$�� 7KH DFWLYDWLRQ HQHUJ\ YDOXHV IRU , DUH ����� ���� ��� DQG ���
DQG IRU ,, DUH ���� ������ �� ����� ���� NFDO PRO−�� 7KH DFWLYDWLRQ HQHUJ\ ZDV DOVR GH�
WHUPLQHG IURP $UUKHQLXV HTXDWLRQ >��@ E\ FDOFXODWLQJ WKH NLQHWLF GDWD IURP 7*
FXUYH XVLQJ WKH HTXDWLRQ�

−G[ � GW = N[
Q

ZKHUH [ DPRXQW RI WKH VDPSOH XQGHUJRLQJ WKH UHDFWLRQ� Q LV WKH RUGHU RI WKH UHDFWLRQ
DQG N VSHFLILF UDWH FRQVWDQW� 2Q PHDVXULQJ N DW VHYHUDO WHPSHUDWXUHV� JUDSK RI ORJN
YV� ��7 JLYHV D VWUDLJKW OLQH ZKRVH VORSH LV −(D����5 DQG LQWHUFHSW LV ��� ORJ$� 7KH
DFWLYDWLRQ HQHUJ\ YDOXHV �(D� IRU GLIIHUHQW IRXU VWHSV RI , DUH ����� ���� ���� DQG
���� NFDO PRO−� DQG IRU ILYH VWHSV RI VWDJH ,, DUH ����� ����� ����� �����
����� NFDO PRO−��

)URP D FRPSDUDWLYH YLHZ� LQ FRPSOH[ , �7DEOH ��� LW LV HYLGHQW WKDW JUHDWHU WKH DF�
WLYDWLRQ HQHUJ\� JUHDWHU LV WKH HQWURS\ RI DFWLYDWLRQ� 1HJDWLYH YDOXHV RI HQWURS\ RI DF�
WLYDWLRQ LQGLFDWH WKDW WKH DFWLYDWHG FRPSOH[HV KDYH D PRUH RUGHUHG VWUXFWXUH DQG WKDW
WKH UHDFWLRQV DUH VORZHU WKDQ WKH QRUPDO >��@� ,Q FRPSOH[ ,, �7DEOH ��� YDOXHV IURP
&RDWV DQG 5HGIHUQ DQG $UUKHQLXV PHWKRG DUH PRUH LQ DJUHHPHQW WKDQ 'R\OH¶V
PHWKRG� VKRZLQJ GLUHFW SURSRUWLRQDOLW\ RI DFWLYDWLRQ HQHUJ\ DQG HQWURS\ RI DFWLYD�
WLRQ HQHUJ\ YDOXHV� /R]DQR >��@ IRXQG WKDW WKH JUHDWHU HQWKDOS\ DQG ORZHU DFWLYDWLRQ
HQHUJ\ YDOXHV DUH UHVSRQVLEOH IRU JUHDWHU ELQGLQJ EHWZHHQ S\ULGLQH DQG PRO\EGHQXP
DWRP LQ WKH FRPSOH[HV� +HQFH ORZHU YDOXH RI DFWLYDWLRQ HQHUJ\ DQG HQWURS\ RI DFWL�
YDWLRQ VKRZV VWURQJ FRRUGLQDWLRQ EHWZHHQ WKH PROHFXOHV� ,Q FRPSOH[ ,� WKH YDOXHV RI
(D DQG ∆6� LV PD[LPXP IRU VWDJH ,� FRUUHVSRQGLQJ WR WKH UHOHDVH RI WZR PROHV RI F\D�
QLGH DW WKH YHU\ EHJLQQLQJ RI WKHUPDO GHFRPSRVLWLRQ SURFHVV� KHQFH MXVWLI\LQJ WKH
OHDVW ELQGLQJ ZLWK WKH FHQWUDO 0R DWRP� ,Q FRPSOH[ ,, WKRXJK WKH YDOXHV IURP &RDWV
DQG 5HGIHUQ DQG $UUKHQLXV DUH FORVH LQ DJUHHPHQW� WKH YDOXHV IURP $UUKHQLXV DUH
PXFK PRUH UHOLDEOH� VKRZLQJ WKH PD[LPXP YDOXH RI (D DQG ∆6� IRU VWDJH , FRUUH�
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VSRQGLQJ WR WKH UHOHDVH RI ZDWHU DW WKH YHU\ RQVHW RI WKHUPDO UHDFWLRQV MXVWLI\LQJ WKH
OHDVW ELQGLQJ ZLWK : DWRP�

  

2QH RI WKH DXWKRUV .RZVDU 0DMLG LV JUDWHIXO WR &6,5� 1HZ 'HOKL IRU WKH DZDUG RI 6HQLRU 5H�

VHDUFK )HOORZVKLS�

5HIHUHQFHV

� $� 9� .DQHNH� *� 0� 7RP DQG +� 7DXEH� ,QRUJ� &KHP�� �� ������ ��
� '� $� (GZDUGV� *� 8GHQ� :� 6� 0LDONL DQG 5� $� :DOWRQ� ,QRUJ� &KLP� $FWD� �� ������

���
� .� +� 3DQQHOO DQG 5� ,JOHVLDV� ,QRUJ� &KLP� $FWD� �� ������ ����
� 7� *� 'XQQH DQG -� .� +XUVW� ,QRUJ� &KHP�� �� ������ �����
� +� (� 7RPD DQG -� 0� 0DOLQ� ,QRUJ� &KHP�� �� ������ � DQG �����
� -� 5� $OODQ� $� '� 3DWRQ� .� 7XUYH\� +� -� %RZHO\ DQG '� /� *HUUDUG� 7KHUPRFKLP� $FWD�

��� ������ ����
� -� 5� $OODQ� $� '� 3DWRQ� .� 7XUYH\� +� -� %RZHO\ DQG '� /� *HUUDUG� 7KHUPRFKLP� $FWD�

��� ������ ����
� -� 5� $OODQ� +� -� %RZHO\� '� -� *HUUDUG� $� '� 3DWRQ DQG .� 7XUYH\� 7KHUPRFKLP� $FWD�

��� ������ ���
� $� 'XIUHQVH� &� *� 'HOLPD� -� .XQGVHQ DQG -� (� 0RUHLUD� -� ,QRUJ� 1XFO� &KHP�� �� ������

����
�� 6� %� 3DGK\H� &� 5� -RVKL DQG %� $� .XONDUQL� -� ,QRUJ� 1XFO� &KHP�� �� ������ �����
�� 3� +� 0H]]HOO� ,QRUJ� &KHP� $FWD� �� ������ ���
�� 6� %UDWDQ DQG ,� 6WURKEXVFK� -� 0RO� 6WUXFW�� �� ������ ����
�� 0� 6� 0DVRXG� (� 0� 6ORLPDQ DQG 0� (� (O� 6KDEDV\� 7KHUPRFKLP� $FWD� ��� ������ ��
�� 0� /DOLD�NDQWRXUL� 0� %DNROD�&KLULVWLDQRSRXORX� 7KHUPRFKLP� $FWD� ��� ������ ���
�� 6� ,� $OL DQG 1� .� 6� 3XQGKLU� 7KHUPRFKLP� $FWD� ��� ������ ����
�� 6� ,� $OL DQG 1� .� 6� 3XQGKLU� 7KHUPRFKLP� $FWD� �� ������ �����
�� 6� ,� $OL� $� 0� $� $QVDUL DQG 1� .� 6� 3XQGKLU� ,QGLDQ -� &KHP� �VHF $� �� ������ ����
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